arXiv:1507.03533v2 [hep-ph] 30 Sep 2015 


The Quark-Gluon Plasma Equation of State and The Generalized Uncertainty 

Principle 
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The quark-gluon plasma (QGP) equation of state within a minimal length scenario or Generalized 
Uncertainty Principle (GUP) is studied. The Generalized Uncertainty Principle is implemented on 
deriving the thermodynamics of ideal QGP at a vanishing chemical potential. We find a significant 
effect for the GUP term. The main features of QCD lattice results were quantitatively achieved in 
case of nf = 0, n/ = 2 and n/ = 2+1 flavors for the energy density, the pressure and the interaction 
measure. The exciting point is the large value of bag pressure especially in case of n/ = 2 + 1 flavor 
which reflects the strong correlation between quarks in this bag which is already expected. One can 
notice that, the asymptotic behavior which is characterized by Stephan-Boltzmann limit would be 
satisfied. 
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I. INTRODUCTION 

An essential modifications in the Heisenberg's uncertainty principle are predicted near planck scale which is 
called generalized uncertainty principle GUP. One of the most exciting predictions of some approaches related 
to quantum gravityjjj], perturbative string theory [Ijand black holesQ is the minimal length concept existence. 
For a recent review see QJ ■ These approaches seems to modify almost all mechanical Hamiltonians. Thus, 
quantum mechanics can be studied in the presence of a minimal length [5-8]. Also, in quantum optics, the 
GUP implications can be measured directly which confirm the theoretical predictions [9-11]. In particular, 
exact solutions of various relativistic [12-15] and non relativistic problems [16-22] has been obtained in the 
presence of a minimal length Aa;o = h (/3) 1 / 2 . The generalized uncertainty principle[23,24] was implemented on 
deriving the thermodynamics of ideal quark gluon plasma of massless quark flavor [25,26]. 

In other minimal length formalism [5,6], the Heisenberg algebra associated with the momentum p and the 
position coordinates £i is given by, 

[Xi,pj\ = ihSij( 1 + /V) (1) 

Where (3 > 0 is the minimal length parameter. The generalized uncertainty principle GUP corresponding to it 
reads, 

AxiApj > Sij [1 + /3(Ap) 2 + /3 <p> 2 } (2) 

which yields a minimal observable length Axo = h (/3) 1 / 2 . Hence, the momentum would be subject of a modifi¬ 
cation and becomes, 

Pi =Poi (1 +PpI) (3) 

Where Xi = Xoi and pen satisfy the canonical commutation relations [xoi,poj] = ihSij. Also, poi can be 
interpreted as the momentum at low energies and pi at high energies. Since the GUP modifies the Hamiltonian, 
it is important to study these effects quantitatively.These effects were investigated on condensed matter, 
atomic systems[10-12, 27], the liouville theorem (LT) in statistical mechanics (28j and on the weak equivalence 
principle ( WKP ). Recently, another approach based on super gravity was implemented to QCD and to QGP 
especially [29-31]. 
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In this paper, the effect of the GUP on QGP equation of state of massless quark flavors at a vanishing chemical 
potential /x is studied. We calculate the corrections to various thermodynamic quantities, like the energy density 
and the pressure. Then, these corrections with bag model are used to describe the quark gluon plasma equation 
of state and comparing it with QCD lattice results. This paper is organized as follows. In section II , we derive 
thermodynamics of QGP consisting of a non-interacting massless bosons and fermions with impact of GUP 
approach. The results, discussions and conclusions are given in sections III and IV. 


II. THERMODYNAMICS OF QUARK-GLUON PLASMA WITH GUP EFFECT 

In this section, we derive the thermodynamics of QGP in case of bosons and fermions taking into account the 
GUP impact. Then, the thermodynamical equations such as pressure and energy density of quark gluon plasma 
are obtained. 


A. In case of bosons 


At finite temperature T and chemical potential /x, the grand-canonical partition function zb for non-interacting 
massive bosons with g internal degrees of freedom is given bv[32| 
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Where l is the occupation number for each quantum state with energy E(k) = Vk 2 + m 2 with mass m and k 
is the momentum of the particle. Here the infinite product is taken for all possible momentum states. 


For simplicity we consider chiral limit (i.e. vanishing mass) and a vanishing chemical potential, which exper¬ 
iments ensures at high energy. Then the dominant excitation in the hadronic phase is a massless pion, while 
that in the quark-gluon plasma is a massless quarks and gluons. For a particle of mass M having a distant origin 
and an energy comparable to the Planck scale, the momentum would be a subject of a tiny modification and 
so that the dispersion relation would too. According to GUP-approach, the dispersion relation reads 

U 2 (fc) = fcV(l + /?fc 2 ) 2 + M 2 c 4 , (6) 


Where M and c are the mass of the particle and the speed of light as introduced by Lorentz and implemented 
in special relativity, respectively. For simplicity we use natural units in which h = c = 1. Hence, we have 

E{k) = k(l + /3k 2 ) (7) 

For large volume, the sum over all states of single particle can be rewritten in terms of an integral [33]. 
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Thus, the partition function, eq.©, becomes 
In 
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Where ’’Integration by Parts” was used for solving the above equation. It is obvious that the first term in eq. 
© vanishes. Thus, 
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The momentum k as a function of x variable can be approximated to the first order of /3 as following 

k = xT — /3k 3 (11) 

= xT — /3{xT — /3/c 3 ) 3 
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Substituting the value of k into integrant terms of eq. tn and approximating them to the first order of /3 as 
following: 

For the first term, 
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Substituting the values of terms in eas. (fl3l) and (H4l) into ea. dlOl) and solving them analytically, we have 

7T^ 1 f)7T^ 

In z B = —VgT 3 - g/3T 5 (15) 

90 y 315 y v ' 

In case of p —> 0, the above equation is reduced to the partition function for bosons without GUP effect [32}. 


B. In case of fermions 


At finite temperature T and chemical potential /x, the grand-canonical partition function Zf for non-interacting 
massive bosons with g internal degrees of freedom is given bv[32l] 
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Where l is the occupation number for each quantum state with energy E(k) = V k 2 + m 2 with mass m and k 
is the momentum of the particle. Here the infinite product is taken for all possible momentum states. 

For simplicity we consider chiral limit (be. vanishing mass) and a vanishing chemical potential, which exper¬ 
iments ensures at high energy. Then the dominant excitation in the hadronic phase is a massless pion, while 
that in the quark—gluon plasma is a massless quarks and gluons. For a particle of mass M having a distant 
origin and an energy comparable to the Planck scale, the momentum would be a subject of a tiny modification. 
According to GUP-approach, the dispersion relation reads 


E\k) = fcV(l + 0 k 2 ) 2 + M 2 c A , 


(18) 


Where M and c are the mass of the particle and the speed of light as introduced by Lorentz and implemented 
in special relativity, respectively. For simplicity we use natural units in which h = c = 1. Hence, we have 


E(k) = k(l + /3k 2 ) 

For large volume, the sum over all states of single particle can be rewritten in terms of an integral 
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Where ’’Integration by Parts” was used for solving the above equation. It is obvious that the first term in eq. 
m vanishes. Thus, 
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Substituting the value of k into integrant terms of eq. 
following: 

For the first term, 
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In case of (3 —> 0, the above equation is reduced to the partition function for fermions without GUP effect [32|. 
Now, the QGP equation of state of free massless quarks and gluons can be derived from the above equations.The 
total grand canonical partition function of QGP state can be given by addin g th e grand partition functions 
coming from the contribution of bosons(gluons),3eiiaions(quarks)and vacuum [341 ] as following 


In zqgp = In zf + In zb + In zy 


(27) 


Where In Zb, In Zp and lnzy are the grand canonical functions of gluons, quarks and vacuum respectively. 

In our case, the vacuum pressure can be represented with the bag constant B in case of Bag model f35j. 

Since, the value of vacuum partition function equals to lnzy = ——— and lnz = —^,using these values eq. (HID 
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Where 12 is the grand canonical potential. Substituting eqs. m and (EB1) into eci. (E51) . we have 


12 

V 


QGP 


7 167T 4 317+ 

+ 9q-^r)pl +73 


- “fe + 73?) 


90 ' 315 ' ^ 630 


(29) 

























6 


Hence, the QGP equation of state reads 


PQGP = -y 


QGP 


< , 7 A T 2 ^ 4 , 167T 4 ( 3l7T 4 ^ Qrr 6 u 

~ (9a + 8 5?) 90 (5s 315 + 9q 630 )/? 


VSB rj.A 


^-(g 9 


16tt 4 

315 


9q- 


31tt 4 

630" 


/3T 6 - B. 


(30) 


Where vsb is SB constant and is given by \g g + —g q ) — ■ Hence, the energy density of QGP state of matter 
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III. RESULTS AND DISCUSSIONS 

The main features of QCD lattice results shows that a clear Nf- dependance for both energy density and 
pressure (i.e. they become larger as the number of degrees of freedom increases). As it is clear from the Monte 
Carlo lattice results HH, [37}, the pressure P(T) rapidly increases at T ~ T c which may be agreed with our 
predictions after adding the GUP effect on QGP equation of state. The bag pressure B can be determined by 
comparing the obtained equation with that of QCD lattice results. 

The main problem appears when one start to adjust the behavior of the energy density; through varying the 
value of the bag pressure; with the QCD lattice results, One can not obtain a qualitative agreement in case of 
the pressure using the same bag parameter value (38j|. 

For overcoming this problem, the bag model was modified ;39j. In this technique, the thermodynamical 
relation between the energy density and the pressurejH| was used. 

" P(T) = £(T) (32) 
Solving the above first order differential equation, we obtain the QGP equation of state as follows 

p =ir^ “ ( s »5i +s «iio) ~ B+AT < 33 > 

Where A is a constant coming from the partial differential equation solution and can be determined from 
comparing the calculated QGP equation of state with the QCD lattice results. 

To adjust the high temperature behavior for P(T) and e(T), we will consider the suppression factor of the 
Stefan Boltzmann constant used in quasi-particle approach [40|. In this approach, the system of interacting gluons 
may be treated as a non-interacting quasi particles gas with gluon quantum numbers, but with thermal mass 
(■ i.e.m(T )). The modified SB constant a reads [38j. 


a = k(o)usb (34) 

Where re(a) is a suppression factor. For a —> 0, it follows k —> 1. Also, The function k(o) decreases monotonously 
and goes to zero at a —> 00 . Thus, the final form of the bag model equation of state (l33l) with incorporating the 
GUP modification is given by 
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With a and B being free model parameters. 

e = aT*-3 (s,^ + S,^) P/3T e + B. W 

In case of /3 —1 0, the above equations (l35l) and (I5C>1) are reduced to the pressure and the energy density 
equations which obtained in the modified bag model [39[(i.e. without incorporating the GUP modification). 

The theoretical calculation of the pressure and the energy density of the QGP using eqs. ® and ® 
compared to the lattice results in case of rif = 0 are given in fig. (jT]) . In this case we used the following 

parameter values; gQGP = 16, g q = 0 ,g g = 16, T c = 0.200 GeV and /3 = O.OOOlGeU -1 as taken in Ref. [11, 32, 

39], 

The theoretical calculation of the pressure and the energy density of the QGP using eqs. ® and ® 
compared to the lattice results in case of n/ = 2 are given in fig. ([2]). In this case we used the following 

parameter values; gQGP = 37 ,g q = 24, g g = 16, T c = 0.152GeU and /3 = O.OOOlGeU -1 as taken in Ref. [11, 32, 

39], 

The theoretical calculation of the pressure and the energy density of the QGP using eqs. ® and 
(l36l) compared to the lattice results in case of nf = 2 + 1 are given in fig.®. In this case we used the following 
parameter values; gQGP = 47.5, g q = 36, g g = 16, T c = 0.152GeU and = O.OOOlGeU -1 as taken in Ref. 
[11,32,39], 



Fig. 1: The symbols show the MC LR for the pressure and the energy density in the SU(3) gluodynamics & a, 
the line corresponds to the equation of state (1351) for the pressure in the left panel and (1361) for the energy density in the 
right panel with a = 4.20719, A = —2.0019Tf and B = — 1.465358T^. The arrows in the above figures correspond to 
P/e = 1/3 (i.e. the SB limit). 



Fig. 2: The symbols show the MC LR for the pressure and the energy density in case of n/ = 2 QCD equation of state 
[431 . the line corresponds to the equation of state (1351) for the pressure in the left panel and (1361) for the energy density 
in the right panel with a = 10.403, A = —8.72895 T% and B = —4.9 T*. The arrows in the above figures correspond to 
P/e = 1/3 (i.e. the SB limit). 
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Fig. 3 : The symbols show the MC LR for the pressure and the energy density in case of n/ = 2 + 1 QCD equation of 
state [12], the line corresponds to the equation of state (1351) for the pressure in the left panel and (1361) for the energy 
density in the right panel with a = 12.22017, A = —13.8577T® and B = — 10.43537]/. The arrows in the above figures 
correspond to P/e = 1/3 (i.e. the SB limit). 


Also, we can calculate the interaction measure (e — 3 P)/T 4 for both nj — 0, and n/ =2 + 1 and comparing 
them with lattice results for the interaction measure in the SU(3) gluodynamics (Hj and in case of n/ = 2+1 
QCD equation of state |42j respectively. These results can be shown in fig.(U). It can be shown that the 
inflection point of (e — 3P)/T 4 is at T = 0.1846GeV for n/ = 0 and T = 0.202GeD for nj = 2 + 1 which are 
different from that obtained in j39j. . 



Fig. 4: The symbols show the lattice results for the interaction measure in the SU (3) gluodynamics (left panel) [36] and 
in case of n/ = 2 + 1 QCD equation of state(right panel) [42] 
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IV. CONCLUSION 

In the present work, the effect of the GUP on QGP of massless quark flavors at a vanishing chemical 
potential,/t, is studied. The equation of state and the energy density are derived for the QGP state con¬ 
sisting of a non-interacting massless bosons and fermions with impact of GUP approach. Also, the total grand 
canonical partition function of QGP state is given. One can conclude that, a significant effect for the GUP term 
exists in case of study the thermal properties of the QGP state. The main features of QCD lattice results were 
quantitatively achieved in case of n/ =0, n/ = 2 and rif =2 + 1 for the equation of state, the energy density 
and the interaction measure. The interesting point in our results is the large value of bag pressure especially 
in case of nj =2 + 1 flavor. It nearly equals to 4.46 times of the value obtained in Ref. [39| without taking 
into account the negative sign of it, which reflects the strong correlation between quarks inside the bag which is 
already expected. The negative sign may be regarded as the tendency of the bag to reduce its volume. One can 
conclude that, the modification of the QGP bag model equation of state using the GUP effect can reproduce 
the QCD lattice results which stands for the real data of QGP. Finally, with this study, one may be encouraged 
to implement GUP effect in other thermodynamic properties of QGP. 
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